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Abstract
Averaged neutrino masses defined by 〈mν〉ab ≡
∣∣∣∑3j=1 UajUbjmj
∣∣∣ (a, b = e, µ, τ) are re-
analyzed using up-to-date observed MNS parameters and neutrino masses by the neutrino
oscillation experiments together with the cosmological constraint on neutrino masses. The
values of 〈mν〉ab are model-independently evaluated in terms of effective neutrino mass de-
fined by mν ≡
(∑ |Uej |2m2j
)1/2
which is observable in the single beta decay. We obtain
lower bound for 〈mν〉ee in the inverted hierarchy(IH) case, 17 meV ≤ 〈mν〉ee and one for
〈mν〉τµ in the normal hierarchy(NH) case, 5 meV ≤ 〈mν〉τµ. We also obtain that all the
averaged masses 〈mν〉ab have upper bounds which are at most 80 meV.
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The parameters of Maki-Nakagawa-Sakata (MNS) lepton mixing matrix [1] [2] have been
determined except for CP violating phases from the neutrino oscillation experiments. However,
the absolute values of the neutrino masses mi, the Dirac, and the Majorana CP violating phases
are still remained undetermined. Neutrino masses are also constrained from many other dif-
ferent experiments such as β decay, neutrinoless double β decay experiments, and cosmological
observations etc.
The β decay restricts the effective neutrino mass defined by
mν =
(∑
|Uej |2m2j
)1/2
(1)
and its experimental upper limits at 95% C.L. are
mν < 2.3 eV (Mainz [3]), (2)
mν < 2.1 eV (Troitsk [4]). (3)
Here the MNS matrix U is represented in the standard form,
U =


c12c13 s12c13 s13e
−iδ
−s12c23 − c12s13s23eiδ c12c23 − s12s13s23eiδ c13s23
s12s23 − c12s13c23eiδ −c12s23 − s12s13c23eiδ c13c23




1 0 0
0 eiβ 0
0 0 eiγ

 . (4)
Here cij = cos θij and sij = sin θij with θij being lepton mixing angles. The δ is the Dirac CP
violating phase and the β and γ are the Majorana CP violating phases.
The neutrinoless double beta decay restricts the averaged neutrino mass defined by
〈mν〉ee =
∣∣∣∣∣∣
3∑
j=1
U2ejmj
∣∣∣∣∣∣
(5)
and its experimental upper limits in on-going and near future experiments are listed in literature
[5] and their sensitivity is in the range
40 < 〈mν〉ee < 100 meV. (6)
This averaged neutrino mass is generalized to
〈mν〉ab =
∣∣∣∣∣∣
3∑
j=1
UajUbjmj
∣∣∣∣∣∣
, (7)
where a and b take e, µ, τ , characterizing other ∆L = 2 processes.
On the other hand, the cosmological constraint on neutrino mass has come to
∑
mi = m1 +m2 +m3 < 0.23 eV (Planck+WP+highL+BAO) [6]. (8)
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In the previous papers [7] [8] [9] [10] [11], we examined the unknown MNS parameters by
using experimental data of the time. A lot of time passed since then, and these experimental
data have been greatly improved and newly measured. That is, the present observed values of
the lepton mixing angle parameters s2ij = sin
2 θij are
s212 = 0.32± 0.05, (9)
s223 = 0.36− 0.68 for the NH case , (10)
s223 = 0.37− 0.67 for the IH case , (11)
s213 = 0.0246
+0.0084
−0.0076 for the NH case , (12)
s213 = 0.025 ± 0.008 for the IH case , (13)
and neutrino mass squared differences ∆m2ij ≡ m2i −m2j are
∆m221 = 7.62
+0.58
−0.50 × 10−5 eV2, (14)
∆m231 = 2.55
+0.19
−0.24 × 10−3eV2 for the NH case , (15)
∆m213 = 2.43
+0.21
−0.22 × 10−3eV2 for the IH case, (16)
at 3σ level [12] (See also [13]). Here the NH(IH) indicates normal (inverted) neutrino mass hier-
archy. In the present paper, by using these new developments we reexamine the constraints of the
averaged neutrino masses from the MNS parameters together with the cosmological constraint
(8).
For the NH case in which m1 < m2 < m3, the neutrino masses are written in terms of mν
under the unitarity condition
∑
i |Uei|2 = 1 as [10]
m1 =
√
mν2 − (1− |Ue1|2)∆m221 − |Ue3|2∆m232, , (17)
m2 =
√
m21 +∆m
2
21, (18)
m3 =
√
m21 +∆m
2
31. (19)
For the IH case in which m3 < m1 < m2, they take the form [10],
m3 =
√
mν2 − (1− |Ue3|2)∆m223 + |Ue1|2∆m221, (20)
m1 =
√
m23 +∆m
2
13, (21)
m2 =
√
m23 +∆m
2
13 +∆m
2
21. (22)
In the following numerical analysis, we take the center values of s212, s
2
13, ∆m
2
31, ∆m
2
21 given by
(9), (12)-(16), while we vary the values from 0 to 2π for Majorana CP violating phases β and
γ and for the Dirac CP violating phase δ too. As for s223, we take the lower, center, and upper
values shown in (10) and (11) for typical values for s223.
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First, following our ealiar work [10], we derive the neumerical lower limit of mν . In the NH
case, the following lower limit of mν is derived from (17) with m
2
1 ≥ 0,
0.0093 eV =
√
|Ue2|2∆m221 + |Ue3|2∆m231 < mν , (23)
while in the IH case, from (20) with m23 ≥ 0, we obtain,
0.049 eV =
√
|Ue2|2∆m221 + (1− |Ue3|2)∆m213 < mν . (24)
Next we show the relation between mν and
∑
mi ≡ m1 + m2 + m3 in Fig. 1, which is
obtained by using (17)- (22). In Fig. 1 we combine this relation with the constraints given by
(8), (23) and (24), so that the upper and lower limits for mν and
∑
mi can be derived. Namely
we obtain
0.0093 < mν < 0.072 eV, (25)
0.060 <
∑
mi < 0.23 eV. (26)
in the NH case, and
0.049 < mν < 0.082 eV, (27)
0.10 <
∑
mi < 0.23 eV. (28)
in the IH case.
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Fig. 1 The relation between
∑
mi and mν in the NH and IH cases. The solid
curves indicate the relation between
∑
mi and mν in the NH and IH cases. We have
experimental upper limits given by (8) and theoretical lower limits given by (23) and
(24).
By substituting (17)-(19) into (7) and using (25) for the NH case ((20)-(22) into (7) and
using (27) for the IH case), we obtain the allowed region in the 〈mν〉ab -mν parameter plane as
shown in the figures from Fig. 2 to Fig. 7. These allowed regions are presented as the inside
regions bounded by curves, which are obtained by varying the values from 0 to 2π for Majorana
CP violating phases β and γ and for the Dirac CP violating phase δ too. Here we take the lower,
center, and upper values shown in (10) and (11) for typical values for s223, indicating dotted,
solid, and dashed curves, respectively in the figures from Fig. 3 to Fig. 7. Note that the 〈mν〉ee
is independent of s223.
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Fig. 2 The allowed region in the 〈mν〉ee-mν plane in the NH and IH cases. The
allowed regions are presented by the inside regions bounded by curves.
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Fig. 3 The allowed region in the 〈mν〉µµ-mν plane in the NH and IH cases. Here
and hereafter the dotted, solid, and dashed curves, respectively, correspond to the
cases in which the lower, center, and upper values shown in (10) and (11) are taken
for s223.
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Fig. 4 The allowed region in the 〈mν〉µe-mν plane in the NH and IH cases.
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Fig. 5 The allowed region in the 〈mν〉ττ -mν plane in the NH and IH cases.
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Fig. 6 The allowed region in the 〈mν〉τµ-mν plane in the NH and IH cases.
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Fig. 7 The allowed region in the 〈mν〉τe-mν plane in the NH and IH cases.
It turns out from Fig. 2 to Fig. 7 that we have, irrespectively of values of the CP violating
phases,
17 meV ≤ 〈mν〉ee ≤ 80 meV for IH case, (29)
5 meV ≤ 〈mν〉τµ ≤ 80 meV for NH case, (30)
〈mν〉µe ≤ 70 meV , 〈mν〉µµ ≤ 80 meV , (31)
〈mν〉τe ≤ 80 meV , 〈mν〉τµ ≤ 80 meV . (32)
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These results indicate that 〈mν〉ee in the IH case and 〈mν〉τµ in the NH case have the lower
bounds, and that all the averaged masses 〈mν〉ab take values at most 80 meV.
Let us consider the implications of our findings. The lower bound of 〈mν〉ee is rather near
to the sensitivity of near future experiments. So if 〈mν〉ee will not be found above this bound,
the IH scenario is disproved. The experimental constraints of the general averaged masses
〈mν〉ab other than 〈mν〉ee are not stringent. For lepton number violating ∆L = 2 process,
the contribution from the standard model + massive Majorana neutrinos seems to be much
smaller than the present experimental upper bound. However we stress that our prediction
〈mν〉τµ ≥ 5 meV for NH leads to a lower limit for the amplitude for some ∆L = 2 process which
proportional to 〈mν〉τµ.
The upper bound of 〈mν〉µµ < 80 meV leads to theoretical branching ratio [14]
Γ(K− → π+µ−µ−)
K− → all < 5× 10
−35 (33)
which is far from the experimental bound [15] given by
Γ(K− → π+µ−µ−)
K− → all < 1.1× 10
−9 (90%C.L.)). (34)
However, this estimation is essentially based on the Standard Model + the massive Majorana
neutrino. For the ∆L = 2 process of a triplet Higgs model, for example, the triplet Higgs takes
the important role whose interaction is written as
L∆ = −
√
2(h†MU)ℓiℓLN
c
i∆
− − (h†M )ℓℓ′ℓLℓ′Lc∆−− +H.c. (35)
Here
|hM,ab| = |Umdiagν UT )ab|/(
√
2v∆) ≡ 〈mν〉ab/(
√
2v∆), (36)
and Ni(i = 1, 2, 3) represent Majorana neutrinos which satisfy the conditions Ni = N
c
i = CNi
T
.
Also, upper bound of the BR(τ− → µ+π−π−) is predicted [16] as
BR(τ− → µ+π−π−) < 4.41× 10−23, (37)
whereas the experimental upper limit is 3.9× 10−8 [17]. The difference between the theoretical
and experimental bounds is also still large. However, SUSY with R-parity violation may give
much larger contribution [18].
In conclusion we have discussed the upper and lower bounds on the averaged neutrino
masses 〈mν〉ab in the light of the latest data of the neutrino oscillation and the cosmological
constraint on neutrino mass. Note that the efective neutrino mass 〈mν〉ee has been updated in
the literature [19] too, and recently the upper bounds on 〈mν〉ab are also studied by Xing and
Zhou [20].
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